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Torsion of elastic circular bars of radially inhomogeneous, cylindrically orthotropic materials is studied with emphasis
on the end eﬀects. To examine the conjecture of Saint-Venant’s torsion, we consider torsion of circular bars with one end
ﬁxed and the other end free on which tractions that results in a pure torque are prescribed arbitrarily over the free end
surface. Exact solutions that satisfy the prescribed boundary conditions point by point over the entire boundary surfaces
are derived in a uniﬁed manner for cylindrically orthotropic bars with or without radial inhomogeneity and for their coun-
terparts of Saint-Venant’s torsion. Stress diﬀusion due to the end eﬀect is examined in the light of the exact solutions.
 2007 Elsevier Ltd. All rights reserved.
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Saint-Venant’s torsion of a homogeneous, isotropic elastic circular bar is a classical problem of elasticity
(Sokolnikoﬀ, 1956), which was solved using the semi-inverse method by assuming a state of pure shear in
the body such that it gives rise to a resultant torque over the end section. Extension to more complicated
cases of anisotropic or non-homogeneous materials or both has been considered by Lekhnitskii (1981), Roo-
ney and Ferrari (1995), Horgan and Chan (1999), Ting (1999), Tarn (2001, 2002a), Tarn and Wang (2001),
Tarn and Chang (2005) and Chen and Wei (2005), among others. In particular, Dong and his coworkers
(Dong et al., 2001; Huang and Dong, 2001; Kosmatka et al., 2001; Lin et al., 2001) used a semi-analytic
ﬁnite element method to investigate the Saint-Venant problem of inhomogeneous, generally anisotropic cyl-
inders with non-circular sections. A common feature of Saint-Venant’s solutions for this class of problems is
that the exact boundary conditions (BC) prescribed on the end surfaces are relaxed by considering the stress
resultants over the end section. As such, for the solutions to be exact the end conditions cannot be arbi-
trarily prescribed – it must be speciﬁed in the same way as demanded by the theory – otherwise the stress0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.08.012
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bance conﬁned to a local region? Will it be felt away from the end? More speciﬁcally, to what extent is the
Saint-Venant solution applicable in case the exact BC is relaxed by a statically equivalent one? By virtue of
Saint-Venant’s principle, it is generally expected that the stress disturbance decays rapidly in a homoge-
neous, isotropic bar so that the solution can be used to evaluate the stress distribution in a long circular
bar in the region away from the ends. When the bar is anisotropic, inhomogeneous, or of a ﬁnite length,
the conjecture of Saint-Venant’s torsion needs to be examined (Horgan, 1989, 1996), especially when there
involve displacement BC such as the ﬁxed end BC of a cantilever bar, which cannot be replaced by a stat-
ically equivalent one. In this regard, Folkes and Arridge (1975) in their measurement of shear modulus in
highly anisotropic materials has reported that Saint-Venant’s principle is not applicable to materials possess-
ing a large mechanical anisotropy due to the slow decay of the non-uniform stress at the sample ends arising
from the clamping method.
The slow decay of the end eﬀects due to anisotropy was ﬁrst pointed out in Horgan (1972). Subsequently,
Horgan and his associates investigated the Saint-Venant end eﬀects in a series of papers (Horgan, 1982; Hor-
gan and Simmonds, 1994; Horgan and Miller, 1995; Scalpato and Horgan, 1997; Horgan and Chan, 1999). A
comprehensive review of the relevant studies was given in a book chapter by Horgan and Carlsson (2000).
While the decay behaviors were examined extensively, the exact deformation and stress disturbances due to
the end eﬀects were scarcely analyzed in the past. In this paper, we address the issues of the end eﬀect through
an exact analysis of the deformations and stress ﬁelds in ﬁnite circular bars under torsion. The material is
assumed to be cylindrically orthotropic and radially inhomogeneous with functionally graded materials
(FGM) in view. Cylindrical orthotropy and radial inhomogeneity exist in man-made and natural materials,
for examples, in bamboo, tree trunk, and carbon ﬁber (Christensen, 1994). The metallic forming process of
extrusion or drawing often results in cylindrical orthotropic products. To examine the conjecture of Saint-
Venant’s torsion, we consider torsion of circular bars with one end ﬁxed and the other end free on which trac-
tions that gives rise to a pure torque are prescribed over the free end surface. The problem is relevant to many
physical situations, for instance, drive shafts that transmit power from one point to another, in which one end
of the shaft is restrained and the other end is subjected to traction applied in a diﬀerent manner from that
assumed by Saint-Venant’s torsion in practice.
The problem under study is formulated on the basis of the state space formalism for anisotropic elasticity
(Tarn, 2002b). In the state space setting it becomes clear that the equations for axisymmetric problems of
cylindrically orthotropic bodies (or bodies with higher elastic symmetry, such as transverse isotropy and isot-
ropy) are uncoupled into two sets of equations: one for torsional deformation, another for extensional defor-
mation. The uncoupling makes it possible for us to obtain the exact solutions for torsion of cylindrically
othotropic circular bars without using the semi-inverse method. The exact solutions obtained herein satisfy
the prescribed BC point by point over the entire boundary surfaces. Radially inhomogeneous FGM circular
bars can be treated within the context as well. Exact solutions for cantilever circular bars with the power-law
radial inhomogeneity and for Saint-Venant’s torsion of circular bars with arbitrary radial inhomogeneity are
derived in a uniﬁed manner.
The paper is arranged in the following order. First, the problem of torsion of cylindrically anisotropic cir-
cular bars is formulated in the state space setting. Next, solutions for Saint-Venant’s torsion of cylindrically
orthotropic circular bars with arbitrary radial inhomogeneity are determined within the context so as to pro-
vide a comparison basis for evaluating the end eﬀect. Subsequently, exact solutions for torsion of cylindrically
orthotropic cantilever circular bars are derived, followed by exact solutions for torsion of FGM cantilever cir-
cular bars with power-law radial inhomogeneity. Finally, the conjecture of Saint-Venant’s torsion and the end
eﬀect are examined in the light of the exact solutions.2. State space formulation
Consider torsion of circular bars with one end ﬁxed and the other free on which the traction that results in a
pure torque is prescribed over the end surface. Referred to cylindrical coordinates (r,h,z), the medium is cylin-
drically orthotropic and radially inhomogeneous. The constitutive equations of the material are
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; ð1Þwhere er, eh, . . .; rr,rh, . . . are the strain and stress components, cij are the nine independent elastic constants of
the cylindrically orthotropic material, which are dependent on the radial coordinate, cij = cij(r), for radially
inhomogeneous materials.
The strain–displacement relations for axisymmetric deformations areer ¼ ur;r; eh ¼ r1ur; ez ¼ uz;z;
2ehz ¼ uh;z; 2erz ¼ uz;r þ ur;z; 2erh ¼ uh;r  r1uh; ð2Þwhere a comma stands for diﬀerentiation with respect to the suﬃx variables.
The equilibrium equations in the absence of the body force areorrr þ r1ðrr  rhÞ þ ozrrz ¼ 0; ð3Þ
orrrh þ 2r1rrh þ ozrhz ¼ 0; ð4Þ
orrrz þ r1rrz þ ozrz ¼ 0; ð5Þwhere or and oz denote partial diﬀerentiation with respect to r and z, respectively.
On the basis of the state space formalism of anisotropic elasticity in the cylindrical coordinate system (Tarn,
2002b), Eqs. (1)–(5) can be formulated into two uncoupled sets of matrix equations in the state space setting as
follows:o
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rrh ¼ c66ðor  r1Þuh; ð9Þ
wherec^ij ¼ cijc133 ; ~cij ¼ cij  ci3c133 cj3; d21 ¼ c^13or  r1c^23;
d31 ¼ r1½orð~c11rorÞ þ or~c12  ~c12or  r1~c22; d34 ¼ r1½orðrc^13Þ  c^23:Solution of the state equations, Eqs. (6) and (8), must be supplemented with BC. For torsion problems of
circular bars with one end ﬁxed and the other free on which the traction that results in a pure torque is pre-
scribed over the end surface, the BC at the ﬁxed end z = 0 and at the free end z = l areur ¼ uz ¼ 0; uh ¼ 0 at z ¼ 0; ð10Þ
rrz ¼ rzz ¼ 0; rhz ¼ pðrÞ at z ¼ l; ð11Þwhere the prescribed traction p is a function of r, which produces a pure torque Mt such that
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pr2 drdh ¼ M t: ð12ÞThe traction-free BC on the cylindrical surface arerrr ¼ rrz ¼ 0; rrh ¼ 0 at r ¼ b; ð13Þwhere b is the radius of the circular bar.
Eqs. (6)–(9) and the associated BC suggest that the torsional deformation is not coupled with extensional
deformation in a cylindrically orthotropic circular cylinder. Before proceeding to deriving the exact solutions
for cantilever circular bars, we shall revisit Saint-Venant’s torsion and derive the solution for the problem in
the present context so as to provide a comparison basis in quantiﬁcation of the end eﬀect.3. Saint-Venant’s torsion
For Saint-Venant’s torsion of circular bars the exact end conditions given by Eqs. (10) and (11) are relaxed
by considering the stress resultants such that the traction components over the end sections produce a pure
torque. The statically equivalent end conditions in full areZ 2p
0
Z b
0
rzzr sin h rzzr cos h rhzr½ rdrdh ¼ 0 0 M t½ ; ð14ÞZ 2p
0
Z b
0
rrz cos h rhz sin h rrz sin hþ rhz cos h rzz½ rdrdh ¼ 0: ð15ÞWithout recourse to the semi-inverse method with a priori assumptions, it can be shown that indeed the solu-
tion for Eq. (6) together with Eq. (13a), Eqs. (14a,b), and Eq. (15) is trivial,ur ¼ uz ¼ rrz ¼ rzz ¼ rrr ¼ rhh ¼ 0: ð16ÞNow, the task of determining the solution for Saint-Venant’s torsion is to solve Eq. (8) subjected to the
remaining BC:rrh ¼ 0 at r ¼ b; ð17ÞZ 2p
0
Z b
0
rhzr2drdh ¼ M t: ð18Þ3.1. Homogeneous bars
By using separation of variables, we seek the solution to Eq. (8) of the formuh
rhz
 
¼ f ðrÞ UðzÞ
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 
; ð19Þso that Eq. (8) is separated intod
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U
S
 
¼ 0 c
1
44
k2c66 0
 
U
S
 
; ð20Þ
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r
d
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 1
r2
 
f ðrÞ ¼ k2f ðrÞ; ð21Þwhere k is a constant parameter which may be zero, real or imaginary. For Saint-Venant’s torsion it suﬃces to
take k = 0 to determine the solution.
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; ð22Þ
f ðrÞ ¼ c1rþ c2r1; ð23Þ
where c00, c1 and c2 are undetermined constants.
To avoid displacement and stress being unbounded at r = 0, we must set c2 = 0. Further, the constant
c0 = 0 so as to satisfy the ﬁxed end BC at z = 0. There followsuh
rhz
 
¼ c1
rz
c44r
 
; rrh ¼ 0; ð24Þwhere c1 is a constant to be determined. The equation satisﬁes the BC on the cylindrical surface r = b
identically.
Upon substituting Eq. (24) in Eq. (18) to determine c1, we obtainuh ¼ M tD rz; rhz ¼ c44
M t
D
r; rrh ¼ 0; D ¼ pc44
2
b4; ð25Þin which D is the torsional rigidity.
The result agrees with that in Lekhnitskii (1981) using the stress function approach. It is interesting to note
that Eq. (25) satisﬁes the ﬁxed end BC at z = 0 identically without handling it in particular. Hence the solution
holds for a cantilever bar provided that the exact traction BC at the free end is replaced by the condition
requiring the stress resultant equal to Mt.
3.2. Radially inhomogeneous bars
Consider Saint-Venant’s torsion of a FGM circular bar with material properties varying in the radial direc-
tion such that the elastic constants cij = cij(r) are arbitrary, diﬀerentiable functions of r. We seek the solution to
Eq. (8) by separation of variables.
Letuh
rhz
 
¼ f ðrÞ UðzÞ
SðzÞ
 
: ð26ÞEq. (8) is then separated intod
dz
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 1
r
  
f ðrÞ ¼ k2f ðrÞ; ð28Þto which the solution depends on the parameter k. For this problem it suﬃces to take k = 0 to determine the
solution.
The solutions of Eqs. (27) and (28) for k = 0 areUðzÞ
SðzÞ
 
¼ c
0
0 þ z
c44
 
; ð29Þ
f ðrÞ ¼ c1rþ c2r
Z
dr
r3c66ðrÞ : ð30Þ
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rhz
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¼ c1rzþ c2hðrÞzþ c3hðrÞ þ c0r
c44ðrÞ c1rþ c2hðrÞ½ 
 
; ð31Þ
rrh ¼ r2ðc2zþ c3Þ; ð32Þ
where h(r) is deﬁned byhðrÞ  r
Z
dr
r3c66ðrÞ :Upon setting c0 = c2 = c3 = 0 to avoid unbounded stress at r = 0 and to satisfy the ﬁxed end BC at z = 0,
and substituting Eq. (31b) into Eq. (18) to determine c1, we obtainuh ¼ M tD rz; rhz ¼ c44ðrÞ
M t
D
r; rrh ¼ 0; D ¼ 2p
Z b
0
r3c44ðrÞdr; ð33Þwhich is essentially the same as Eq. (25) for a homogeneous circular bar apart from the torsional rigidity D.
Eq. (25) is recovered by letting c44(r) be independent of r.
The solution satisﬁes the ﬁxed end BC at z = 0 identically, in which only the exact traction BC at the free
end has been relaxed by a statically equivalent one. Note that among various elastic constants only
c44(r)  GL(r) enters the stage, GL being the longitudinal shear modulus of the cylindrically orthotropic
material.
As an example, consider a FGM circular bar with power-law radial inhomogeneity such that c44(r) = a44(r/
b)2l, where the coeﬃcient a44 has the same dimension as the elastic constant c44, l is a non-negative real num-
ber. There followsuh ¼ ðlþ 2ÞM t
pb4a44
rz; rhz ¼ ðlþ 2ÞM t
pb2ðlþ2Þ
r2lþ1; rrh ¼ 0; ð34Þwhich is useful in evaluating the end eﬀects in circular bars with radial inhomogeneity.
4. Exact solutions for torsion of ﬁnite bars
4.1. Homogeneous bars
We now derive the exact solutions for torsion of cantilever circular bars. Eqs. (6) and (7) and the associated
BC are identically satisﬁed by lettingur ¼ uz ¼ rrz ¼ rzz ¼ rrr ¼ rhh ¼ 0: ð35Þ
It remains to solve Eq. (8) subjected torrh ¼ 0 at r ¼ b; ð36Þ
uh ¼ 0 at z ¼ 0; ð37Þ
rhz ¼ pðrÞ at z ¼ l; ð38Þin which p is an arbitrary function of r, which gives rise to pure torque at the free end.
We seek the solution to Eq. (8) of the formuh
rhz
 
¼ f ðrÞ UðzÞ
SðzÞ
 
: ð39ÞEq. (8) is then separated intod
dz
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; ð40Þ
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dr2
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d
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f ðrÞ ¼ k2f ðrÞ; ð41Þ
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include the solution associated with k5 0, in addition to Eqs. (22) and (23) for k = 0.
For k5 0, the solutions of Eqs. (40) and (41) areU
S
 
¼ expðjkzÞ expðjkzÞ
jkc44 expðjkzÞ jkc44 expðjkzÞ
 
d1
d2
 
; j ¼
ﬃﬃﬃﬃﬃﬃ
c66
c44
r
; ð42Þ
f ðrÞ ¼ d3J 1ðkrÞ þ d4Y 1ðkrÞ; ð43Þin which dk are undetermined constants, J1(kr) and Y1(kr) are Bessel functions of the ﬁrst kind and the second
kind, of order 1, respectively.
The constants c2 in Eq. (23) and d4 in Eq. (43) must be set to zero so as to avoid unbounded displacement
and unbounded stress at r = 0. There followsuh
rhz
 
¼ c0rþ c1rz
c1c44r
 
þ J 1ðkrÞ
expðjkzÞ expðjkzÞ
jkc44 expðjkzÞ jkc44 expðjkzÞ
 
d5
d6
 
; ð44Þ
rrh ¼ c66kJ 2ðkrÞ expðjkzÞ expðjkzÞ½ 
d5
d6
 
; ð45Þwhere we arrive at Eq. (45) by using the relation of the Bessel functions (Watson, 1995; Hildebrand, 1976):d
dx
ymðkxÞ 
m
x
ymðkxÞ ¼ kymþ1ðkxÞ ðy ¼ J ; Y Þ ð46ÞImposing on Eq. (45) the traction-free BC at r = b yieldskJ 2ðkbÞ ¼ 0; ð47Þthus, in addition to k0 = 0, the eigenvalues kn (n = 1,2, . . .) are the zeros of J2(bx), which are real and positive.
A linear combination of the solutions associated with kn (n = 0,1,2, . . .) producesuh ¼ c0rþ c1rzþ
X1
n¼1
½An expðjknzÞ þ Bn expðjknzÞJ 1ðknrÞ; ð48Þ
rhz ¼ c44 c1rþ j
X1
n¼1
kn½An expðjknzÞ  Bn expðjknzÞJ 1ðknrÞ
" #
; ð49Þ
rrh ¼ c66
X1
n¼1
kn½An expðjknzÞ þ Bn expðjknzÞJ 2ðknrÞ: ð50ÞImposing the displacement BC at z = 0 on Eq. (48) and the traction BC at z = l on Eq. (49) yieldsc0rþ
X1
n¼1
ðAn þ BnÞJ 1ðknrÞ ¼ 0; ð51Þ
c1rþ j
X1
n¼1
½An expðjknlÞ  Bn expðjknlÞknJ 1ðknrÞ ¼ c144 pðrÞ; ð52Þto determine the constants c0, c1, An, and Bn in the solution.
It is easy to ﬁnd from Eq. (51): c0 = 0, Bn =  An, thus Eq. (52) becomesc1rþ 2j
X1
n¼1
Ankn coshðjknlÞJ 1ðknrÞ ¼ c144 pðrÞ: ð53ÞBy using Dini’s expansion (Watson, 1995, p. 597) to express p(r) in the form of Fourier–Bessel series and com-
paring the coeﬃcients on both sides, we ﬁnd
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Z b
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c44pb
4
; ð54Þ
An ¼ 1
jc44b
2kn coshðjknlÞJ 21ðknbÞ
Z b
0
rpðrÞJ 1ðknrÞdr: ð55ÞAs a result,uh ¼ 2M t
c44pb
4
rzþ 2
X1
n¼1
AnJ 1ðknrÞ sinhðjknzÞ; ð56Þ
rhz ¼ 2M t
pb4
rþ 2jc44
X1
n¼1
AnknJ 1ðknrÞ coshðjknzÞ; ð57Þ
rrh ¼ 2c66
X1
n¼1
AnknJ 2ðknrÞ sinhðjknzÞ: ð58ÞBy inspection, we ﬁnd that the leading terms in Eqs. (56)–(58) are precisely their Saint-Venant counterparts
and the transverse shear stress rrh5 0 in contrast with rrh = 0 everywhere in Eq. (25). The series terms in the
exact solution depend on the material parameter j = (c66/c44)
1/2  (GT/GL)1/2, GT and GL being the transverse
shear modulus and the longitudinal shear modulus, respectively, whereas the Saint-Venant solution depend
only on c44  GL. The solution remains unchanged for circular bars of transversely isotropic materials. For
isotropic materials GT = GL so that j = 1 in the solution.
Eqs. (56)–(58) tell us that the displacement and the stresses at z = 0 areuh ¼ rrh ¼ 0; rhz ¼ 2M t
pb4
rþ 2jc44
X1
n¼1
AnknJ 1ðknrÞ; ð59Þso that uh and rrh vanish at the ﬁxed end as in Saint-Venant’s torsion, but the longitudinal shear stress rhz is
aﬀected by the load distribution at the free end (through An) as well as the material anisotropy (through
jc44  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44c66p ), in addition to the eigenvalues kn. We shall examine the end eﬀect quantitatively later on.
As a simple check, let us specify the traction on the free end surface as p(r) = kr, in accordance with rhz
being a linear function of r according to Saint-Venant’s torsion. Then, we obtain from Eq. (12), and (55):k ¼ 2M t
pb4
; An  k
Z b
0
r2J 1ðknrÞdr ¼ kkn b
2J 2ðknbÞ ¼ 0; ð60Þin which An = 0 because of Eq. (47). It follows that the series terms in Eqs. (56)–(58) vanish and the solutions
are preciously their Saint-Venant counterparts given by Eq. (25).
This conﬁrms that the Saint-Venant solution is valid everywhere in the bar in case the traction over the end
surface is speciﬁed as a linear function of r a posterior. If p(r) is prescribed otherwise, An5 0 and k are not
given by Eq. (60). As a result, stress disturbance due to the end eﬀect occurs – both the leading terms and the
series terms in Eqs. (56)–(58) render the Saint-Venant solution in error.4.2. Radially inhomogeneous bars
We are now in a position to consider torsion of FGM cantilever circular bars with material properties vary-
ing in the radial direction such that the elastic constants cij = cij(r) are arbitrary diﬀerentiable functions of r. By
using the separation of variables, we seek the solution to Eq. (8) of the formuh
rhz
 
¼ f ðrÞ UðzÞ
c44SðzÞ
 
; ð61Þso that Eq. (8) is separated into
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dz
U
S
 
¼ 0 1
a2 0
 
U
S
 
; ð62Þ
 1
r
d
dr
þ 1
r
 
rc66ðrÞ d
dr
 1
r
  
f ðrÞ ¼ a2c44ðrÞf ðrÞ; ð63Þwhere a is a constant which may be zero, real or imaginary.
For a5 0, Eq. (63) with arbitrary c44(r) and c66(r) is unsolvable in a closed form. The only class of radial
inhomogeneity that allows an exact solution of Eq. (63) seems to be that having variation deﬁned bycijðrÞ ¼ aijðr=bÞ2l; ð64Þ
where the coeﬃcient aij have the same dimension as cij, l is a non-negative real number. The homogeneous
material is a special case with l = 0.
Such a radial inhomogeneity, known as the power-law radial inhomogeneity, was usually assumed in stress
analysis of FGM in cylindrical coordinates (Lekhnitskii, 1981; Horgan and Chan, 1999; Yang, 2000; Tarn,
2001; among others). Although it is possible to obtain an approximate solution for arbitrary radial inhomo-
geneity by using piecewise-constant representation of the material properties in conjunction with the method
of transfer matrix (Tarn and Chang, 2005), in keeping with the main theme of the present study, we conﬁne
ourselves to determining the exact solution for a cantilever circular bar with the power-law radial
inhomogeneity.
Substituting Eq. (64) into Eq. (63) yieldsr2
d2f
dr2
þ ð2lþ 1Þr df
dr
þ ðk2r2  2l 1Þf ¼ 0; j ¼
ﬃﬃﬃﬃﬃﬃ
a66
a44
r
; k ¼ a
j
; ð65Þwhich is a diﬀerential equation satisﬁed by Bessel functions (Hildebrand, 1976, p. 152) and the solution isf ðrÞ ¼ rl½c1Jlþ1ðkrÞ þ c2Y lþ1ðkrÞ; ð66Þ
where Jl+1(kr) and Yl+1(kr) are Bessel functions of the ﬁrst kind and the second kind, of order l + 1, respec-
tively. The solution of Eq. (62) for k5 0 isU
S
 
¼ expðjkzÞ expðjkzÞ
jk expðjkzÞ jk expðjkzÞ
 
c3
c4
 
: ð67ÞThere followsuh ¼ rl½c1Jlþ1ðkrÞ þ c2Y lþ1ðkrÞ½c3 expðjkzÞ þ c4 expðjkzÞ; ð68Þ
rhz ¼ a44jkb2lrl½c1Jlþ1ðkrÞ þ c2Y lþ1ðkrÞ½c3 expðjkzÞ  c4 expðjkzÞ; ð69Þ
rrh ¼ a66kb2lrl½c1Jlþ2ðkrÞ þ c2Y lþ2ðkrÞ½c3 expðjkzÞ þ c4 expðjkzÞ; ð70Þwhere we have used Eq. (46) to arrive at Eq. (70).
The solutions of Eq. (62) and (65) for k = 0 areUðzÞ
SðzÞ
 
¼ c
0
0zþ c01
c00
 
; ð71Þ
f ðrÞ ¼ c02rþ c03rð2lþ1Þ: ð72ÞThusuh ¼ d0rþ d1rzþ d2rð2lþ1Þzþ d3rð2lþ1Þ; ð73Þ
rhz ¼ a44b2lðd1r2lþ1 þ d2r1Þ; ð74Þ
rrh ¼ 2ðlþ 1Þa66b2lr2ðd2zþ d3Þ: ð75Þ
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terms of Yl+1(kr) and Yl+2(kr) which are unbounded at r = 0, and imposing on rrh the traction-free BC at
r = b, we obtainkJlþ2ðkbÞ ¼ 0; ð76Þhence, in addition to k0 = 0, the eigenvalues kn (n = 1,2, . . .) are the zeros of Jl+2(kb), which are real and po-
sitive. A linear combination of the solutions associated with kn (n = 0,1,2, . . .) producesuh ¼ d0rþ d1rzþ rl
X1
n¼1
½An expðjknzÞ þ Bn expðjknzÞJlþ1ðknrÞ; ð77Þ
rhz ¼ a44b2l d1r2lþ1 þ jrl
X1
n¼1
kn½An expðjknzÞ  Bn expðjknzÞJlþ1ðknrÞ
" #
; ð78Þ
rrh ¼ a66b2lrl
X1
n¼1
kn½An expðjknzÞ þ Bn expðjknzÞJlþ2ðknrÞ: ð79ÞImposing the displacement BC at z = 0 on Eq. (77) and the traction BC at z = l on Eq. (78) givesd0rlþ1 þ
X1
n¼1
ðAn þ BnÞJlþ1ðknrÞ ¼ 0; ð80Þ
d1r2lþ1 þ jrl
X1
n¼1
kn½An expðjknlÞ  Bn expðjknlÞJlþ1ðknrÞ ¼ a144 b2lpðrÞ; ð81Þfrom Eq. (80), d0 = 0, Bn = An, then Eq. (81) becomesd1rlþ1 þ 2j
X1
n¼1
Ankn coshðjknlÞJlþ1ðknrÞ ¼ a144 b2lrlpðrÞ: ð82ÞThe left-hand side of Eq. (82) takes the form of Fourier–Bessel series. By using Dini’s expansion (Watson,
1995) to express rlp(r) in Fourier–Bessel series and comparing the coeﬃcients on both sides, we obtaind1 ¼ 2ðlþ 2Þ
a44b
4
Z b
0
r2pðrÞdr ¼ ðlþ 2ÞM t
a44pb
4
; ð83Þ
An ¼ 1
ja44b
2ð1lÞkn coshðjknlÞJ 2lþ1ðknbÞ
Z b
0
r1lpðrÞJlþ1ðknrÞdr: ð84ÞAs a result,uh ¼ ðlþ 2ÞM t
a44pb
4
rzþ 2rl
X1
n¼1
AnJlþ1ðknrÞ sinhðjknzÞ; ð85Þ
rhz ¼ ðlþ 2ÞM t
pb2ðlþ2Þ
r2lþ1 þ 2ja44 r
l
b2l
X1
n¼1
knAnJlþ1ðknrÞ coshðjknzÞ; ð86Þ
rrh ¼ 2a66 r
l
b2l
X1
n¼1
knAnJlþ2ðknrÞ sinhðjknzÞ: ð87Þwhich reduces to Eqs. (56)–(58) for a homogeneous circular bar by letting l = 0.
At the ﬁxed end z = 0,uh ¼ rrh ¼ 0; rhz ¼ ðlþ 2ÞM t
pb2ðlþ2Þ
r2lþ1 þ 2ja44 r
l
b2l
X1
n¼1
knAnJlþ1ðknrÞ; ð88Þ
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nant’s torsion, but the longitudinal shear stress rhz is aﬀected by the load distribution at the free end, the mate-
rial anisotropy and the radial inhomogeneity, in addition to the eigenvalues kn.
Suppose that the traction on the free end surface is prescribed as p(r) = kr2l+1, in accordance with the radial
distribution of rhz given by Eq. (34) for Saint-Venant’s torsion, there follows from Eq. (12), Eqs. (83), (84),
and (76):Table
The sm
l
k1bk ¼ ðlþ 2ÞM t
pb2ðlþ2Þ
; An  k
Z b
0
rlþ2Jlþ1ðknrÞdr ¼ kb
lþ2
kn
Jlþ2ðknbÞ ¼ 0; ð89Þso that the series terms in Eqs. (85)–(87) vanish and the solutions are precisely the same as their Saint-Venant
counterparts given by Eq. (34).
The results show that the Saint-Venant solution is exact provided that the traction over the end surface is
prescribed in a particular manner as assumed above. In practice, one can hardly apply p(r) in the same manner
as demanded. Consequently, stress disturbance due to the end eﬀect occurs. In the next section we shall eval-
uate the end eﬀect quantitatively by comparing Eq. (34) for Saint-Venant’s torsion against the exact solution
given by Eqs. (85)–(87).
5. Results and discussion
It has been shown that the leading terms in the exact solution are identical to the Saint-Venant solution and
the end eﬀects are described solely by the series terms of Eqs. (56)–(58). Obviously, the BC at both ends of a
ﬁnite circular bar play important roles in the stress distribution and they are indistinguishable in general. Yet,
for a suﬃciently long bar it can be deduced from Eqs. (48)–(50) and (77)–(79) that the stress diﬀusion from the
end is essentially dictated by the terms associated with exp(jknz) since the terms of exp(jknz) which produce
unbounded stresses as z!1 should be dropped from Eqs. (48)–(50) and (77)–(79) before imposing the end
conditions. With this in mind, it is appropriate to deﬁne the characteristic decay lengthL ¼ ln 100
jkn
; ð90Þas a simple measure to estimate the stress disturbance from the end in a long circular bar, which is the distance
measured from the end beyond which the series terms contribute only 1% in magnitude to the deformation and
stresses. In other words, the deformation and stresses in the region beyond L from the end are essentially inde-
pendent of the load distribution over the end surface so that the Saint-Venant solution should be applicable.
Of course, other percentage could be chosen for the estimation and the smallest eigenvalue k1 should be used
to determine the largest L.
Knowing k1b = 5.1356 for a homogeneous bar, soL ¼ ln 100
jk1
¼ 0:8967b
ﬃﬃﬃﬃﬃﬃ
c44
c66
r
; ð91Þwhich suggests that the end eﬀect is far-reaching for strong anisotropy (c44 c66). Since c44 = c66 for isotropic
materials, L = 0.8967b, suggesting that the stress disturbance is indeed conﬁned to a local region near the end
in a long homogeneous isotropic bar. Tables 1 and 2 show the smallest eigenvalue k1 associated with the
parameter of the radial inhomogeneity l, and the characteristic decay length L of long circular bars in con-
nection with l and the material parameter j ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc66=c44p . To show the eﬀect of anisotropy, we take c44/
c66 = 1,4,16,100 for computation. All cases are admissible in that they satisfy the requirement of positive-def-
initeness of the strain energy. Although c44/c66 = 100 appears to be uncommon in practice, the value is as-1
allest eigenvalue for various inhomogeneity parameters
0 0.1 0.2 0.5 1.0 2.0 3.0
5.1356 5.2622 5.3883 5.7635 6.3802 7.5883 8.7715
Table 2
Characteristic decay length of long circular bars
L Isotropic c44 = 4c66 c44 = 16c66 c44 = 100c66
l = 0 0.897b 1.794b 3.587b 8.967b
l = 0.5 0.799b 1.598b 3.196b 7.991b
l = 1.0 0.722b 1.447b 2.887b 7.218b
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could reach as far as 9b from the free end of a strongly orthotropic (c44 = 100c66) circular bar, not to the
expectation based on Saint-Venant’s conjuncture.
To examine quantitatively the Saint-Venant conjecture, we consider two types of torsional load prescribed
over the end surface. Load type 1: linearly distributed load, p(r) = qr. Load type 2: tangential ring load applied
at the boundary of the circular section, p(r) = 0.25qb2d(r  b), where d(r  b) is the Dirac-delta function. Both
loading types give rise to a pure torque of the same magnitude. While the linearly distributed load is contin-
uous over the end surface, the tangential ring load is concentrated at r = b. The inﬂuence of the radial inho-
mogeneity and material anisotropy are studied by taking the material parameters: l = 0 (homogeneous
material), l = 0.5 (linearly distributed radial inhomogeneity) and l = 1.0 (quadratically distributed radial
inhomogeneity); j = 1 (c44 = c66, isotropic material), j = 0.5;0.25;0.1 (orthotropic materials with
c44 = 4c66; c44 = 16c66; c44 = 100c66, respectively) in the computation. In all the ﬁgures presented in the follow-
ing the displacement and stresses have been made dimensionless.
Fig. 1 shows the variations of uh, rhz, and rrh at r = 0.5b in the axial direction for cylindrically orthotropic,
homogeneous bars (l = 0) subjected to the tangential ring load (load type 2). When a homogeneous bar is
subjected to linearly distributed load (load type 1), the deformation and stress distribution are identical to
those of Saint-Venant’s torsion. It can be observed that the end eﬀect is far-reaching in circular bars with
strong cylindrical orthotropy (c44 = 16c66; c44 = 100c66), whereas the stress disturbance in an isotropic barFig. 1. Axial distribution of uh, rhz and rrh at r = 0.5b in homogeneous bars under tangential ring load (load type 2).
Fig. 2. Axial distribution of uh, rhz and rrh at r = 0.5b in non-homogeneous bars (l = 0.5) under linearly distributed load (load type 1) and
tangential ring load (load type 2).
Fig. 3. Axial distribution of uh, rhz and rrh at r = 0.5b in non-homogeneous bars (l = 1.0) under linearly distributed load (load type 1) and
tangential ring load (load type 2).
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terparts are remarkable, the end eﬀect on rrh is localized to the vicinity of the free end where the tangential ring
load is acting.
Figs. 2 and 3 display the eﬀects of radial inhomogeneity and prescribed torsion loads on the displacement
and stress distribution at r = 0.5b along the z axis in circular bars with radial inhomogeneity l = 0.5 and
l = 1.0, in which the material is assumed to be isotropic (c44 = c66) and strongly orthotropic (c44 = 100c66),
respectively. Both loading types exhibit end eﬀects. The eﬀect is far-reaching in the bar with strong anisotropy
subjected to the tangential ring load. The radial inhomogeneity plays a less important role in the stress distur-
bance in view that the deviations from the Saint-Venant counterparts in the case of isotropy are conﬁned to the
region of a diameter from the free end for both cases of l = 0.5 and l = 1.0 for the reason that the characteristic
decay length depends upon the smallest eigenvalue k1 which varies slightly for diﬀerent l, as given in Table 2.
Figs. 4–7 show the radial variations of the displacement and stresses at the sections z = 0 and z = 4b in the
bars subjected to two types of torsion load with material orthotropy and radial inhomogeneity. The section
z = 0 is the ﬁxed end; the section z = 4b is chosen because it is generally expected that stress disturbance occurs
within a diameter from the end according to the conjecture of Saint-Venant’s torsion. The results show that at
the ﬁxed end Saint-Venant’s solutions are in good agreement with the exact solution, except for a slight dif-
ference in rhz in the case of strong orthotropy under tangential ring load (Fig. 7). Surprisingly, the non-van-
ishing stress rhz at the ﬁxed end does not vary signiﬁcantly compared with that at z = 4b, which can be
attributed to the fact that the ﬁxed end is subjected to the same resultant torque as any other section of
the circular bar under torsion; the prescribed BC aﬀects only the stress distribution across the section. As
for the displacement and stresses at the section z = 4b, Fig. 4 reveals that the stress disturbance is conﬁned
to the vicinity near the end where the torsion load is applied; small deviation from the exact solution is
observed only in rrh. Thus Saint-Venant’s conjecture is applicable to torsion of isotropic circular bars even
with radial inhomogeneity. In the case of anisotropic materials the situation is diﬀerent in view of Figs. 5–
7. The stresses are greatly disturbed by the traction BC at z = 5b. As shown in Figs. 6,7, the end eﬀect is sig-Fig. 4. Radial distribution of uh, rhz and rrh at z = 0; 4b in isotropic bars under linearly distributed load (load type 1) and tangential ring
load (load type 2).
Fig. 5. Radial distribution of uh, rhz and rrh at z = 0; 4b in orthotropic bars (c44 = 4c66) under linearly distributed load (load type 1) and
tangential ring load (load type 2).
Fig. 6. Radial distribution of uh, rhz and rrh at z = 0; 4b in orthotropic bars (c44 = 16c66) under linearly distributed load (load type 1) and
tangential ring load (load type 2).
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Fig. 7. Radial distribution of uh, rhz and rrh at z = 0; 4b in orthotropic bars (c44 = 100c66) under linearly distributed load (load type 1) and
tangential ring load (load type 2).
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exist between the exact solution and the Saint-Venant solution in which the exact traction BC are relaxed by
the statically equivalent ones.6. Conclusions
The present study enables us to assess Saint-Venant’s principle as applied to anisotropic, non-homogeneous
elastic bodies in general and to evaluate the stress diﬀusion in torsion of radially inhomogeneous, cylindrically
orthotropic cylinders in particular. The following conclusions can be drawn from the analysis.
(1) The classical solution based on the Saint-Venant conjecture is useful for torsion of isotropic circular bars
with or without radial inhomogeneity. The stress disturbance is conﬁned to the local region near the end
where the torsion load is applied.
(2) The stresses at the ﬁxed end of circular bars under torsion can be evaluated using the solution based on
Saint-Venant’s conjecture except in the case of strong anisotropy.
(3) Radial inhomogeneity of the material aﬀects the deformation and stress distribution in cylindrically
orthotropic bars, but it is not signiﬁcant in evaluating the stress disturbance due to the end eﬀect.
(4) The end eﬀect is far-reaching and cannot be ignored in torsion of circular bars with strong anisotropy.
The Saint-Venant conjecture should be used with caution in such cases.Acknowledgement
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